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The symmetric Macdonald polynomials are able to be constructed out of the non-symmetric 
Macdonald polynomials. This allows us to develop the theory of the symmetric Macdonald 
polynomials by first developing the theory of their non-symmetric counterparts. In taking this 
approach we are able to obtain new results as well as simpler and more accessible derivations 
of some of the known fundamental properties of both kinds of polynomials. 

1 Introduction 

The symmetric Macdonald polynomial P K :— P K (x; q, t) is a polynomial of n variables x = {x\, . . . , x n ) 
having coefficients in the field Q(q, t) of rational functions in q and t. The symbols q and t can be 
interpretated either as indeterminants or as parameters ranging over < q, t < 1. The symmetric 
Macdonald polynomial P K (x; q, t) is labeled by a partition of length < n and can be defined as the unique 
eigenfunction of the operator 

1=1 t^J ■> 

which is of the form 

P K (x; q, t) = m K (x) + u^m^x) (1.2) 



In (1.2), m K (x) is the monomial symmetric function in variables x\,... ,x n and the sum is over the 
partitions fi which have the same modulus as k, but are smaller in dominance ordering. The g-shift 
operator Tj in (fhl]) acts on functions so that 

(nf){xi ...x n ) = f(xi, . . . ,qxi, . ..x n ) (1.3) 

The symmetric Macdonald polynomials have been the subject of much recent study, both for their 
mathematical properties pi , Jt7[ , p3[ and their applications to the the trigonometric Ruijsenaars-Schneider 
quantum many body model]18|. They can be viewed as a g-generalisation of the symmetric Jack 
polynomials, the latter being obtained from the former in the limit q — > 1 with q = t a and a fixed. 
In this paper we will develop the theory of the Macdonald polynomials by generalising the approach 
taken by Baker and Forrester [|| towards the Jack polynomials. 

The strategy is to first develop the theory of non-symmetric Macdonald polynomials. These polyno- 
mials were first introduced jflj , |ll| some time after the seminal work of Macdonald |2(| on the symmetric 
Macdonald polynomials. The symmetric polynomials can be constructed from their non-symmetric coun- 
terparts. This opens the way to using the theory of the non-symmetric Macdonald polynomials to develop 
the theory of the symmetric Macdonald polynomials. In taking this approach we will obtain new results 
as well as new and simpler derivations of known results. In the later case references will be provided to 
the original contributors. 

*email: danm@maths.mu.oz.au; supported by an APA Scholarship. 
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2 Preliminaries 



In this section we will revise the basic definitions and results of the non-symmetric, symmetric and q- 
antisymmetric polynomials. Following Macdonald [ jl9| , the symmetric and g-antisymmetric polynomials 
will be constructed in terms of their non-symmetric counterparts, rather than as an independent entity as 
would stem from making (1.1) and (1.2) the starting point. In addition, dual non-symmetric Macdonald 
polynomials will be defined and related to the symmetric and q- antisymmetric Macdonald polynomials. 
The results presented on this topic are for the most part new. 

The non-symmetric Macdonald polynomials are defined in terms of operators which generate an ex- 
tended affine Hecke algebra (see e.g. Q ) . Let Sij be the operator which acts on functions of a; := (x\ , . . . ,x n ) 
by interchanging the variables Xi and Xj . The Demazure-Lustig operators are defined by 



T := t 



tXi 3yj_]_l 



To 



t + 



qtx r . 



Xi 



qx n - Xi 



(si — 1) i = 1, . . . , n — 1 and 
(so 1) 



(2.1) 
(2.2) 



where Sj := s ii+ i and sq := si n TiT n . The operators Tj have the following action on the monomial 



xf x i+l for 1 < i < n — 1 (see e.g [16 



(1 - t)x1 



Ti x^ x^i 



The operator lu is defined by 



a-1 6+1 
^i+l 



(t - l)x?x b i+1 + 



+ {t-l)x\- 1 x^l+tx\x1 +1 



a> b 
a = b 
a <b 



-l • • • s 2 sin 



-1 • • • SiTiSi-i ■ ■ ■ Si 



(2.3) 



(2.4) 



The extended affine Hecke algebra is then generated by elements Ti, < i < n — 1 and uj, satisfying the 
relations 



(Ti-t)(Ti + i) = 

±i J- i+1 -Li — J- i+1 -Li J- i+1 



T.T 3 



= T 3 T t 



K-il>2 



iuTi = Ti-i lu 



(2.5) 
(2.6) 
(2.7) 
(2.8) 



where the indices 0, 1, . 
have the identity 



,n—l are understood as elements of Z„. From the quadratic relation (2.E), we 

(2.9) 



t; 



i + t~ L Ti 



Given a permuation a with reduced word decomposition a :— • • • Si p we define 



T n 



Tii '"-M. 



The Cherednik operators Pj,|10 are defined by 

= r n+l Ti--- T n _x u Tf 1 • • • Tr_\, 



Ki<n 



(2.10) 



(2.11) 



The fact that the Cherednik operators commute with each other, along with the triangularity of their 
action on x v :— x r/1 ■ ■ ■x r/nl implies that they possess a set of simultaneous eigenfunctions. These are the 
non-symmetric Macdonald polynomials E v which can be defined by the conditions 



E v (x;q,t) 
YiE v (x;q,t) 



t* E n (x;q,t) 



1 < i < n 



where 



A \ - Qi) := #{k < i \ r] k > 77J + > i \ r] k > Tfc} 



(2.12) 
(2.13) 

(2.14) 
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with A is parameter such that t = q x . Let ij + be the unique partition obtained by permuting 77. The 
partial order -< is defined on compositions having the same modulus so that 

v -< 77 iff i> + < rj + or in the case u + = v + v < rj (2.15) 

where < is the usual dominance ordering for n-tuples, that is, v < 77 iff Y^A=i(Vi — v i) — 0, for all 
1 < p < n. 

Following Sahi I (s) := I (7) is called the leg colength of the node s = in the composition 77. 
The arm length a(s), arm colength a'(s) and leg length l(s) are defined by 

a ( s ) =Vi- 3 K s ) = > i\3 < Vk < Vi} + < i\j < Vk + 1 < Vi} 

a'(s)=j-l (2.16) 

The following associated quantities occur frequently in the theory of the Macdonald polynomials. 



'W 



d v (q,t) 


- no- 

sGr; 


g o(«)+i t K«)+i^ 


<(«,t) :=n(i-? Q(s)+i ^ s) ) 


e v (q,t) 


- no- 


gO'(s)+l^n— 


) <(9,«):=n( 1 -« ' W+1 * n " 1 


b v (q,t) 


- no- 


g«'(s)^«-i'Wj 




i'(v) 


:= £*'(-) 







(2.17) 

All these quantities are equal to one if 77 = 0. For future reference some properties of these quantities, 
easily derivable from are listed. 

Lemma 2.1 Let ^r) := (772 . . . Vni Vi + 1) an d ^i,v '■= Vi ~ Vi+i- We have 

d$ v (q,t) _ e^ v (q,t) _ ^ _ d% v {q,t) _ e'g, v (q,t) _ ^ _ n _ 1+ ^ t 

d n (g,<) e,(g,t) d\(q,t) e' n (q,t) 

l{$v) = Z(r?) + #{fc|fc > l,T? fc < r?i} i'(*Tj) = Z'(r?) + 77 - 1 - #{fc|fc > l,Tj fc < r?i} 

■tf % > %+i we ftawe 

i) l-i^+i d' Si7] {q,t) _ 



d v {q,t) l-t s ^ d'r,(q,t) l-t s ^ 



l(s<»j) = Jfa) + 1 l'(siv) = l'(v) 
The q-gamma function is defined by 

Y q (x):={q-q) x {l~q) 1 ~ x < <? < 1 (2.18) 



where 



(<7;g)a:= (^£ (M)»:=il(l-V) (2-19) 



We remark that with the generalised factorial defined by 
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we have 

e v (q,t) = t- l '^[q l+x Xl e',(g,t) = t-Wtf+Kn-i)^ b ^ t) = t -l'(v + ) [q ^t (2 21) 

Given a Laurent polynomial / let CT(/) denote the constant term in the laurent expansion of / with 
respect to the variables x\, . . . ,x n . In the more general case where / is not a laurent polynomial let 
CT(/) denote the corresponding Fourier integral. The non-sy mme tric Macdonald polynomials have the 
following orthogonality property, which can be deduced from ( [2.15 ) . 



Proposition 2.2 |20| Given any two polynomials f(x;q,t) and g(x;q,t) define the scalar product 

(/, g) q , t := CT q, t)g(p ±, ^)W(x)j (2.22) 

where 

W(x):=W(x;q,t):= TT (E±;q) x (q%q) x (2.23) 



l<z<j<n ^ 



The polynomials E^faq^t) form an orthogonal set with respect to 



i -fq,t- 



A consequence of this is that the non-symmetric Macdonald polynomials are able to be constructed 
by means of a Gram-Schmidt procedure. Let rf 1 ' -<••■-< rft' be a chain of compositions satisfying 

If n (i) rf i+1) then fi = r)® or fx = 7 ? ( l+1 ) (2.24) 

The non-symmetric Macdonald polynomial E ( P ) can be determined as the unique polynomial satisfying 
( [2.12 ) which is orthogonal to all E ^ with i < p. 



The non-symmetric Macdonald polynomials are elements of the ring of n variable polynomials whose 
coefficients are elements of the field Q(q, t) of rational functions in q and t. As in the symmetric case the 
symbols q and t can be interpretated as indeterminants or as parameters ranging over < q, t < 1. Let the 
hat symbol " denote the involution on this ring which sends Xi i— » x n -i+i, q i— » q~ l and 1 1— » t . Extend 
this operator to act on operators so that for any operator T and polynomial /, Tf — (Tf). We define 
the dual non-symmetric Macdonald polynomial by E v (x; g, t) := E n (x; q^ 1 , t^ 1 ) where x := (x n , . . . , x%). 
These polynomials arc uniquely determined by the conditions 



E n {x;q,t) = x 7 ±+^c vu x v (2.25) 



YiE v (x;q,t) = t~ ni E v {x;q,t) l<i<n (2.26) 

where rj := (rj„, . . . rji) and the partial order -< is defined on compositions so that 

v<r\ iff v + < r/ + or in the case v + = r/ + v > r\ (2.27) 

Note that if v + = r/ + then v<r\ iff v )~ rj. 

The dual non-symmetric Macdonald polynomials are simply related to the non-symmetric Macdonald 
polynomials by means of the Demazure-Lustig operators. 



Lemma 2.3 



a) T {n _ A) E v (x;q,t) = E v (x; q,t) (2.28) 

b) T (nt „. tl) E v (x;q,t) = f#{W>l*<j,i»<iw} Er ,(x;q,t) (2.29) 



Proof. We shall only consider (a) as the proof of (b) is similar. A direct calculation using ( |2.3| ) reveals 
that 

T<n,...,i) x n = t#{W)l* < y.'w^} a j2+ ^ (2.30) 
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It follows that 



(2.31) 



It suffices then to show that given a chain rj^ 1 ' -<•••-< r/ p ' = r\ satisfying (2.24), T( n ^__^\ E„( P ) is 
orthogonal to E„(i) for all i < p. This will be done by induction. If fi is a minimal composition under the 



partial ordering -< then E^(x;q,t) = x^. It follows from (2.31) that ( p. 28 ) is true for the composition 
rp^ . Suppose (2.28) is true for j/ 1 ), . . . , r^ 1 "" 1 ). Then for any k < 



(E v m , T (n ,... , 13 E vir) >,,, = r#«^')l i< ^"^*>(T (n ,... 4) ^ (fc) , T (n ,... iX) £„ w ) 9>t (2.32) 
Since T^ 1 is the adjoint operator of Tj with respect to (•, -) 9j t Q and (f,g) q ,t = (f,g)q,t we have 
(E v w , T( nt ... ,d B„ w >,,t = t- #{(tj)|4<M ^ r ' j} ( J B r ,( fc , , V> )i,t 

(2.33) 



= 



□ 



Next we revise the construction of the symmetric and g-antisymmetric Macdonald polynomials from 
the non-symmetric Macdonald polynomials. This requires introducing g-analogues of the symmetrization 
and antisymmetrization operators defined by |jl9f 

(2.34) 



(T£S„ 



where 1(a) := #{(i,j)\i < > &j} is the length of the permutation a. These operators have the 
following properties 



TfU + = U+Tf 1 = ^U* 
TfU~ = U~jf = -XJ- 

From these properties it can be deduced that 

U-Si = -U~ 

from which it follows that 

U^x 11 = if fj,i — Hj for i ^ j 
For 6 := (n — 1, . . . ,1,0) it is also the case that 

t n(n-l)/2 u - x S = Yl (tXi - Xj) 1= A t ( X ) 

1<z<j <n 



(2.35) 
(2.36) 



(2.37) 



(2.38) 



(2.39) 



Now, when acting on symmetric functions, the Macdonald operator D^(q, t) can be decomposed in terms 
of the Cherednik operators according to Jl(| 



D 1 n (q,t)=t n - 1 J2Yi 



(2.40) 



Since the operator U + commutes with Y^i=i ^ follows from ( p. 12 ) and ( 2.13Q that there exist unique 
symmetric polynomials indexed by partitions which satisfy 



]Tr t ) P K (x-q,t) = \^2t R 'jP K (x;q,t) 

P K (x;q,t) = m K (x) + ^ u K ^m^(x) 



(2.41) 
(2.42) 
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From Section 1 these are the symmetric Macdonald polynomials. One has the relation 

P v+ (x;q,t) = —}—U + E v (x;q,t) (2.43) 

for scalars a v (q,t). We can also define the g-antisymmetric Macdonald polynomials jy^. The q- 
antisymmetric monomial m' K , indexed by the partition k with non-repeating parts, is 

m' K := U~x K (2.44) 

A function / is g-antisymmetric if for all i, T.^f = —f. The q- antisymmetric monomials are a basis for the 
analytic q- antisymmetric functions. The q- antisymmetric Macdonald polynomials S K (x;q,t) are indexed 
by partitions with non-repeating parts and can be defined by the following conditions. 

\Y^Yi\s H (x-,q,t) = (j2f K ^jS K (x;q,t) (2.45) 
S K {x;q,t) = m' R {x) + J~] VK^m'^x) (2.46) 

Analogous to the derivation of ( [2.43 ) we have 



S v+ (x;q,t) = ——U-E v (x;q,t) (2.47) 

The symmetric and g-antisymmetric Macdonald polynomials can also be expressed as linear combinations 
of the non-symmetric Macdonald polynomials. 

Lemma 2.4 (l9| 

a) P K (x;q,t) = £ d J + ^% v (x;q 7 t) (2.48) 

b) S K (x;q,t) = (-tr l ^}f q :S a{K) (x-,q,t) (2.49) 

Proof. A simple generalisation of the derivation of the analogue results in the case of the Jack polyno- 
mials [|. □ 

It immediately follows from the orthogonality of the non-symmetric Macdonald polynomials and 



Lemma 2.4 that 



Proposition 2.5 fl9| Both the symmetric Macdonald polynomials {P K (x;q,t)} and the q- antisymmetric 
Macdonald polynomials {S K (x; q,t)} form orthogonal sets with respect to (•,-}qt- 

It follows that both the symmetric and g-antisymmetric Macdonald polynomials are able to be con- 
structed by means of a Gram-Schmidt procedure similar to that in the case of the non-symmetric poly- 
nomials. 

The dual non-symmetric Macdonald polynomials share many properties with the non-symmetric Mac- 
donald polynomials. In particular they are equally able to serve as building blocks for the symmetric and 
g-antisymmetric Macdonald polynomials. This is explained by the following results. 

Lemma 2.6 

a) U + = t- :i ^ J1 U + (2.50) 

b) TJ~ ^t^^lJ- (2.51) 

Proof. It is well known |2(| that given a Hecke algebra 7i n (t) generated by T\, . . . ,T„_i, with t not 
a root of unity, there exist unique elements (up to scalar multiplication) a, (3 s H n (t) such that for all 
i = 1, . . . , n — 1, 

Tia — ta and T. t (3 = -j3 (2.52) 



G 



It fol lows from the definitions that Tj = T U + and U are then both elements oiTL n (t). Using ( [2.35 ) 
and ( 2.36 ) we have 



T t U+ = (f t U+) = (T~}.U+) = tU+ 
TiU- = (fiU 2 ) = (T^U-) = -U- 



(2.53) 
(2.54) 



Hence U + = c 1 U + and U = C2U . Equating coefficients of the basis {T a : a £ S n } oiH n (t) reveals the 
coefficients c\ and C2 to be and t n ( n ~ 1 '' 2 respectively. □ 



Lemma 2.7 



a) P K (x;q,t) = P K (x;q,t) = P K (x;q 1 ,t x ) 

b) S K (x;q,t) = (-tj-^^&fog.t) 



(2.55) 
(2.56) 



Proof. We shall consider only the second identity as (a) is well known and is proven in a similar way 
as (b). It follows from Lemma 2.6 that m'\(x) — {—t) n ^ n ~ 1 ^' 2 'm' \(x). Using the defining property ( [2.46 ) 
we then have 



S K (x;q,t) = (-t)" 11 ^ I m 



' K (x) + ^2 *V m ' ' n(x) 



(2.57) 



Since {(— t) n( -™ 1 ^/ 2 S' K (a;; q, t)} is orthogonal with respect to (•, -) q j and posseses the triangular structure 
J2.46D (b) must be true. 



□ 



Using the above two lemmas in conjunction with ( 2.43| ), ( p. 47] ) and lemma 2.4 we obtain the following 
two lemmas. 

Lemma 2.8 



a) P rj +(x;q,t) = — U + E v (x; q, t) 

a v (q 1 ,t x ) 



(2.58) 



(_l)«("-l)/2 _ „ 

b) S n+ (x;q,t) = - U E v (x;q,t) 



(2.59) 



Lemma 2.9 



a) P K (x;q,t)= J2 *T^t-3 ^{x-,q,t) 

b) S K (x;q,t) = {-t) l ^ d -fff^^ E a{K) {x,q,t) 



where for any permutation a, g_ := (cr n , ... , a±). 



(2.60) 
(2.61) 



3 Non-symmetric Macdonald Polynomial Theory 

In this section we will derive some of the basic properties of the non-symmetric Macdonald polynomials 
independently of the theory of the symmetric Macdonald polynomials. A required preliminary result is 
the Cauchy type formula for the non-symmetric Macdonald polynomials. 



Proposition 3.1 pi 



n(x,y;q,t) 



„ u v (q,t) 



1 - 1 

—-E v (x;q,t)E n (y;q- 1 ,r 1 ), D,(x,y;q,t) := Jl - 



n 



\ {x i y l ;q) x+ i {x l y J ;q) x {qx j y l ;q) x 

(3.1) 
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Remark. Define the lengh of a composition to be length^) := max{z|?7i 0}. The non-symmetric 
Macdonald polynomials have the following stability property. 

p / T n .„.N _ / E v {xx,... ,x n -i;q,t) length^) < n - 1 , , 

&r)\xi, ■ ■ ■ ,x n -i,u, q,t) - < elge (6.Z) 



Applying this property to (3T) shows that the scalars u v (q,t) are independent of n. 

Dunkl has introduced a family of multivariable polynomials which allow a workable treatment of 
some important constructions and has a close relationship to the theory of the non-symmetric Macdonald 
polynomials. The g-analogue of these polynomials are the polynomials q v (x;q,t) defined by 

Sl(x,y;q,t) :=^q 11 {x;q,t)y r ' (3.3) 



Corollary 3.2 Define a scalar product by (E v (x;q,t),(E u (x;q ,t )) q := u v (q,t)5 vri . We have 

{q v (x; q, t),x v ) q = 5 V7I (3.4) 
Hence the q v (x;q,t) are a basis for the multivariable polynomials with coefficients in Q(q,t). 

Proof. From the triangular structure of the non-symmetric Macdonald polynomials, { u } a (x; q, t)} 
and {E v (x; q~ l , t~ 1 )} are basis for the multivariable polynomials. The scalar product (•, -) q is then well 
defi ned . An argument similar to Macdonalds j20| p310-ll] can now be used to show that ( |3.2| ) is equivalent 
to (|Tl). □ 

The non-symmetric Macdonald polynomials can be computed recursively be just two kinds of opera- 
tors. The first are the Demazure-Lustig operators Ti, 1 < i < n — 1. The second, introduced by Baker 
and Forrester j^] , is the raising-type operator 

* g := x n T~\ ■ ■ ■ T^ 1 Tf 1 = f- n T„_! ■ • • T t x t T~_\ ■ ■ • Tf 1 (3.5) 

These operators have the following action on the non-symmetric Macdonald polynomials Q , p]}| 

$ q E n (x;q,t) = t-W^n^E^fatot) (3.6) 

and 

{(irpk") E v + 1 E sin m < m+i 

tE v m = rn +1 (3.7) 

[ T^r- ) Er, + i (1 J»\„ )a L e hv Vi > Vi+i 

Using these operators, it is simple to derive the following two identities by verifying that the respective 
quantities satisfy the same recursion relationships. 

Proposition 3.3 fllj Let t l := (l,t, . . . ,t n ~ 1 ). We have 

<«» 

Proof. Noting that for any function / = f(x) 

(T i f)(tl)=tf(£) (3.9) 

shows that 

($ g E v (x;q,t))\ x=t& = (t 1 - n T n ^ 1 ---T 1 x 1 E v (x;q,t))\ x=tA 

= E v {t^q,t) (3.10) 
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Using (3J3) we then obtain 



Supposing rji > ry^+i and applying (3J)) to ( p.7[ ) and rearranging, we also obtain 

E SiV {t l ; q,t)=t E v (t L , q, t) 



(3.11) 



(3.12) 



The relations ( [3.11 ) and ( 3.12 ) uniquely determine E v (t-,q,t) given Eo(t-; q, t). Since Pro posi tion |3.3| is 
obviously true for the case r\ = all tha t re mains is to show that the right hand side of ( |3.8|) , RHS(?7) 
say, obeys these relations. Using Lemma 2.1 we have 



RHS($?7) 
RHS(?7) 



_ j-#{i\i>l,Vi<Vl} 



While supposing r)i > r) i+ i and again using Lemma 2.1 we have 



( E) 

Proposition 3.4 Write (q,t) := {E v , E n ) q j. We have 



^ E \q,t) _ d'njq, t)e v (q,t) 



(3.13) 

(3.14) 

□ 

(3.15) 



M$ E \q,t) d n (q,t)e' n (q,t) 

Remark. Macdonald jl9| and Cherednik jll] have derived ( |3.15| ) although in a different form. 
Proof. Using ( |3.6| ) we have 

= CT (j*W>^rH<m} Xn (t-\ ■ ■■T- 1 E n (x;q,t)) 

xt -#Wi>i,Vi<vi} x -i (T-\---T 1 ~ 1 E n (x;q,t))\ hh ,W(x;q,t)) 
= (T-_\ • • • T^E n {x- q, t), T-\ ■ ■ ■ T^E n (x; q, t)) q , t 

= (E^E,,)^ (3.16) 

In the last line we have used the fa ct t hat T~ x is the adjoint operator of Tj with respect to (•, -) q .t [jl9| . 
Supposing rji < rji+i and using (3/7) we have 



{EsiTj: E SiT j J 



q.L 



(t 1 T l E v - — -pg-- E v ,t 1 T l E v - — t _ Si rj E v ) q ,t 



(TiEjj, TiE v ) 



q,t 



r 



l - 1 

1 - t S i.V 



(TiE v , E v ) 



q.l 



t l _ pg— ( E v T i E v)q,t 



(1 - t Si -i)(l - t" 5 '.") 



(E v ,E v ) q . t (3.17) 



Consider the right hand side of this expression. The first term simplifies by again using the fact that 
that IT 1 and T, are adjoint operators, while the second and third terms simplify by making further use 
of (3.7) and then noting that for rji ^ T)i+i, E v and E Si7] are orthogonal. We obtain after rearranging 



(1 _ t? i >* +1 )(l - t 6 '-"- 1 ) 

\E Si rii E 8iTI )qj — — ^ 2 (E, l7 Eri) q j 

By replacing i] by stuj and noting that if r\i ^ r\i+\ <5j lSi7) = —5i_ ri we see that in the case rji > rji + i 

(l_t«5*„)2 



(l-i*.i+i)(l-t««,n-l) 



y;( E ri> E v)q,t 



(3.18) 



(3.19) 
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Usin g Lem ma 2.1 i t is c lear that the right hand side of ( |3.15 ) satisfi es bo th the recursion relations ( |3.17 ) 
and ( 3.19 ). Since ( [3.15 ) is true in the trivial case 1) = Proposition |3.4| is true by induction. □ 

We shall now show that the multivariable g-binomial theorem involving the non-symmetric Macdonald 



polynomials can be deduced using Propositions 3.1 and 3.3 
Proposition 3.5 §| 

- i ^ n 



n 



E 



-E v (x;q,t) 



(3.20) 



fJl (xi;q) r ^ u v (q,t)d v (q,t) 

Remark. The expression on the right hand side of ( 3.20| ) will be able to be simplified using ( 4.49 ). 

Proof. In (3.1) first replace n by kn for some k <G Z>o and then sub stitute yj = t kn ~i and let 
a; n +i = • • • = Xkn = 0. Since E^cx) = c^E^x) we can use Proposition 3.3 to obtain 



1 



f[ \xi,q)kn\+\ 



E 



t (fcn-l)W|-K'7) eT) (I ! I) 



u v {q,t)d v {-,j) 



n—>kn 77 



,ar„,0,... ,0;q,t) 



(3.21) 



Making use of ( 2.21 ) , Lemma |2.l[ the stability property (3J2) and the identity 

e r;(ff \t 1 )L_>i cn _ Jl(n)+l'(ri)-(kn-l)\n\) e v(l^)\n^kn 



we obtain for k G Z>o 



d v (q-\t-l) 



n 



d v (q,t) 



\ ( x ii q)kn\+l 



y, [q knX+ \ 



Ur^q^d^yq.t) 



(3.22) 



(3.23) 



To show that ( 3.23 ) is true for all k £ M we require u v (q, t) to be able to be written as a power series 
in q and t for all < q, t < 1. This falls out of the proof of Proposition 3^ in |2l| by using expansions 
j|, (2. 3), (2. 4)] and by noting that the coefficients of the non-symme tric Macdonald polynomials can be 
written as power series in q and t for all < q, t < 1. Both sides of ( 3.23 ) are then power series in x, q, t 
and t k . Equating the coe fficie nts with respect to q and x we can apply the following lemma to show that 
the q-binomial theorem ( 3.20 ) is true for all tel. □ 

Lemma 3.6 J25| Let F(z,q) and G(z,q) be formal power series in z and q. If F(q k ,q) = G(q k ,q) for 
infinitely many integers k > then F = G. 



4 A Generalisation of the g-Selberg Integral 

The g-Selberg Integral, as formulated by Askey (|] and subsequently proved by Kadell (|l3| and Habseiger 
Jl2[ , has been extended by Kadell |l3| and Kaneko |l4| to involve the symmetric Macdonald polynomial 
as a factor in the integrand. An equivalent formulation of this result is as a constant term identity 
which generalises the q- Morris identity jl5) . Here this result will itself be extended in that the symmetric 
Macdonald polynomial will be replaced by the non-symmetric Macdonald polynomial. The derivation of 
this identity will also yield a new derivation of the q-Selberg integral as well as allowing us to specify 



the constant u^q^t) appearing in (3.1). The derivation is based on the multivariable g-binomial theorem 

( poj )- 

Since {E v (x; q, t)} is an orthogonal basis for multivariable analytic functions with respect to (•, -) q ^ 



we can write 



V- (Ili=i {i^p E v (x;q,t)) qt t 



n^;g) r £ (E n (x-2 9 tiE r ,(x-,q,t)) q , E ^ q ' t) ^ 
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Comparing (4.1) with Proposition 3.5 we have 



CT (fe 



u v (q,t)d 7] (q,t) 



(4.2) 



Letting i— > x n ^ i+1 inside the argument of the constant term function, an operation that leaves it's 
value unchanged, we obtain 



E v (x;q,t)W{x) 



u v (q,t)d v (q,t) 



Af^Hq,t) 



(4.3) 



Our first task is to manipulate (4.3) so that n"=i( 2; i j?)r 1 i s replaced by Yli =1 (xi; q) a {qx i 1 ;q)b- We 
require 



Lemma 4.1 We have 

x p E v (x; q, t) = E v+p (x; q, t) 
where rj + p = (r)i + p, . . . ,rj n +p) and x p = (x\ . . . x n ) p 
Proof. From the definition of Yi we have 

Y t {x p E v (x;q,t)) = qVYiE^q^t) 



(4.4) 



Using (2.13) we obtain 

Y t (x p E n (x;q,t)) = q p t^x p E n (x;q,t) 

= t^+P^x^E^q.t) 

From the defining properties ( 2.12| ), (2.13) we then have the required conclusion. 
Corollary 4.2 

x p E n (x;q,t) = E n+p (x;q,t) 



(4.5) 

(4.6) 
(4.7) 

□ 

(4.8) 



Using the above proof we can extend the non-symmetric Macdonald polynomials to include Laurent 
polynomials. The defining properties of these Laurent polynomials E v are the same as for the ordinary 
non-symmetric Macdonald polynomials except that they are indexed by compositions which can have 
negative parts. The non-symmetric Macdonald Laurent polynomials can be expressed in terms of the 
ordinary non-symmetric Macdonald polynomials by use of (4.4). The dual non-symmetric Macdonald 
polynomials can be similarly extended to include Laurent polynomials. 

Consider (4.3) with r\ replaced by r) + a. Using Lemma (4.2) we can write E v + a = x a E v . Set r = —a — b 
with — a, r G Z<q. A brief calculation shows that 



"(Si 5 9)r t\ 



(4.9) 



where x\ = q b+1 Xi. Substituting into (4.3) we obtain 

CT ^{x^q)a{^q) b E 1 M- (b+1) ^<l,t)W{x^ = (-1)"" 

Since E v (cx) = c^E v (x) and J\f r {E) a {q,t) = M^ E] \q,t) we get 



Z^(26+o+l) r„rl<?,t 



u v+a (q,t) d v+a ( q ,t) M ^ +aiq ' t) 



(4.10) 



/ n \ (^(2b+o+l) + (6+l)|77|) r rl9,* 

CT \{{x % -q) a {^-q) b E,{x, qi t)W(x) = (-I)- , ' V++a ^ E) (q,t) (4. 



11) 



The dependence on a in 1 / 'u^+ad^a can be determined using 
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Lemma 4.3 We have 



E n {-;q,t) = E- R {x;q,t) 



(4.12) 



Proof. Let the star symbol * denote the involution on the ring of n- variable polynomials with coefficients 
in Q(q, t) which sends Xi — > a;" 1 , q — > and £ — > i — 1 . Extend this operator to act on operators so that 
for any operator T and polynomial /, T* f* = (T/)*. From the relations 7? = Tr 1 , = w, % = 
and w) = 101 it follows that 



From (2.13) 



F i - 1 J B r) (a;; g ,t)=t-*i; j7 (a;; g ,t) 



Applying the * operator and replacing i with n — i + 1 we get 



Using (4.13) we obtain 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



From the defining properties (2.25) and ( 2.26| ) it follows that E n (x \q ,t ) is a dual non-symmetric 
Macdonald polynomial. Since E v (x~ ; q^ 1 , t^ 1 ) has the same leading term as E_ v (x; q, t) 

1 



E n (-:,q-\t- L ) = E_ IL (x ] q-\t- 1 ) 



The conclusion follows. 



(4.17) 

□ 



Corollary 4.4 We have 



Now 



E v {-;q,t) = E^ v {x;q,t) 
x 



(4.18) 



CT Y[(x l ;q) a (^;q) b E v (x; q, t)W(x) 



\i=l 



CT r\(± ;q ) a (x t ;q) b E,(±-q,t)W(±) 

q W C T lf[(^ ;q ) a (x t ;q) b E^(x;q,t)W(x)) (4.19) 



To obtain the first equality we have used the invariance of the constant term identity under Xi <— * - — 2— . 
while to get the second equality we have used Corrollary L4 and W(&) = W(x). 
Applying (4.11) with r\ replaced by — r\ and a interchanged with b gives 



CT \\{{x l -q) a {^-q) b E n {x-q,t)W{x) = (-1) 



^(2a+b+l)-a\ri\) r r]9: 



t 

n++b 



u- v +b(q,t) d- n+b (q,t) 



MW(q,t) (4.20) 



We write r\ < c if rji < c for all i = 1, . . . , n. The equati on (4.20 ) is valid for r\ < b while ( 4.11 ) is valid 
for T] > —a. Equating the right hand sides of (4.11) and (4.20) and setting a — we obtain for < rj < b 



(-^(fc+l) + (fc+l)M) r -b 
^_^nb H \H 

u v (q,t) d v (q,t) [q- b ]-n+ 



+b 



(4.21) 
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We can use ( 4.21 ) to define l/u- n +bd- v +b for — r) + b < 0. It then follows that ( 4.21 ) is true for all n € U 1 
which in turn can be used to show that ( 4.2C ) is true for all rj s Z n . Substituting ( 4.21 ) into ( 4.20 ) we 
then obtain for a, b € Z>o 

/ n \ (nafc+(6+l-a)|r ; |) r -bl r-a-ftl + 
CT JJ^; g) a (-l; q) b E rl (x; q,t)W(x) ) = - ^ - 1 Jgl ^L^f > (q, i) (4.22) 



u v (q,t) d v (q,t) [q b ]- v + +b 



To extend this result to all o,i £ I we note that both sides of (4.22) are series in q,q a ,q b and q x . We 
then apply Lemma 3.6 twice, once with respect to q a and once with respect to q . 



The identity (4.22) can be simplified by taking the limit a — > oo with r = —a — b remaining constant 
For this purpose it is convenient to first take the ratio of ( 4.22 ) to that obtained with ij = 0, thus 
obtaining 



CT(U7 =1 (x V ,qU^-,q) b E v (x;q,t)W(x)) g (*+i-a)|,| [q -h ]v+ [q -t> ]b [q — b ]_ R++ ^ E \ q ,t) 



ct (uti(^Q)a(i;q) b w(o 



u v (q 7 t) d v {q, t) [q- a - b ] h [q- b ] A/" (B) (q, t) 



where we used the facts that [q b ]o = do = uq — 1. Computing the the asymptotics requires 
Lemma 4.5 [Q For a general Laurent polynomial f(s%, . . . , s n ) we have 



rja + i] 



T q [-b] r g [a + 6+l] 



n 



-6-i (qsi;q)c 



(q a + b + 1 S l ;q) c 



-f(si, ... ,s n ) 



(4.23) 



(g, q)a (q,q)b 

(q,q)a+b I 1 \ AA ' 



CT {S} J]( s - l)a 9)6/(^ (b+1) Si, • • • , g- (b+1) s„) (4.24) 



where J Q f(s)d q s := (1 — g) X)So f{l^) ( f * s ^ e q-integral. 

Remark. There is a typing error in the statement of the above lemma in |7| . 



Lemma 4.5 allows us to deduce 



Lemma 4.6 Letting A 6 Z>q and a + b = const we have 

CT(uti(^QU^><l)bEr,(x-,q,t)W(x)) 
lim ^ , , '- = q^ b +^E v (t^-,q,t) 



ct (jlti( x i-><iM£;<i)bW(x) 



Proof. Fixing r = —a — b and applying Lemma (4.5) we obtain 



CT 



(FGLifa; q)bE n ( x; q , t)w{x) 

CT (j\ti(^;q)a(±;q) b W(x) 



^=1 Jo d ^ b - \ q ^^ qU E v (s-, q, t)W(s) 



-6-1 (gs«;g) 



(4.25) 



= (? (b+l)l'7l 



Using the definition of the g-integral we have 

n -i 



i=l 



Sis, i — — —E v (s;q,t)W(s) 



(4.26) 



(4.27) 



n / k - -j-1 \ 

= (i- 5 )" y, q- b ^ ki i[ ,:l'_^L ^(g fci ,--- ,g*»)4(g*V" .g fc ";g»^) ( 4 - 28 ) 



1 (ff(2-r)fc 1;g ) 

Suppose A S Z>o . Then 

W(q fe \... , g fc ") = if fci+i =jfef-A,... ,fci+A-l while W(l,g A 



• 9 



A(n- 



1} ) ^ (4.29) 
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It follows that in the limit b — > oo with r = —a — b fixed 



(g- r+1 ^;g)c 



(4.30) 



11 ( g (2-r)A(i-l). g ) c 

Substituting Q4.30|) in to ( |4.26| ) gives ([H|). □ 

Lemma |4.6| gives the asymptotics of the left hand side of ( 4.23| ) . We now seek the asymptotics of the 
right hand side of (4.23). It follows from the property 

1 - (f 



T q [x + 1] = [x] q T q [x] where [a;] 



that for all k 6 Z 



r<?[x + fe] _ / .it fa+ifcffc-i) r g [i-x] 

r,[x] 1 ;y r 9 [i-(x + fc)] 



Using these properties along with 

T q [x + o] 

shows that in the limit a — > oo with a + & fixed 



[9 



rg-o-615.* 



[3 



6 



(-i)M(i- g )-i"i g ( o i"i+isr=i'?, + (^+i))[ a ]- 
(_i)i')i g -5i:r=i'). + ('? I + + i )<- ( '^ + )[g i + A (™- i )]9- 



(4.31) 
(4.32) 

(4.33) 

(4.34) 
(4.35) 
(4.36) 



Substituting these results in to the right hand side of ( 4.23 ) and using Lemma 4J3 we have in the limit 
a — > oo with a + b fixed and A £ Z>o 



[g l+A(«-l)]^ A/f ) M) 



(4.37) 



Since both sides of this expression can be written as power series in q and t for < g, t < 1 we can apply 



Lemma 3.6 to extend the validity of this result to all A > 0. Using this result, ( 4.36| ) and 

[q- a - b ] q l t 1++b _ (_i)hl/('7 + )g(«lnl+|E? =1 n*('7i+i)) 

[q-^f ~ [q 1+a +^ n -%+ 
we can simplify ( 4.23| ) to obtain 

CT (Uti( x i'<iU^>q)bE v (x-,q,t)W(x)) 



CT (llti(xi!q)a(%;q)bW(o 



= q^ b+1 ^E n (t^q,t) 



[q- b ]^ 



[gl+a+ACn-l)]^ 



(4.38) 



(4.39) 



It follows from Lemma |2.3| and (3.7) that {E v } rt + =K and {E r) }, 1 + =K span the same set of functions. In 
particular we can write 



E fi (x;q,t) = ^2 c^l 1 !!!) 4 ) 

{»7|i7+=iU + } 



(4.40) 



for scalars c m . Multiplying both sides of ( 4.39| ) by c m and summing over distinct permutations of [i 1 
we obtain 
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Proposition 4.7 

CT (n2=i(^5 9)a(^;9)6W(a 



g (Hi)WI^ (f i. 9)f) 



(4.41) 



Note that by multiplying both sides of (4.41) by d' v + ( q,t) / d' v (q,t) , summing over distinct permutations 
of k = rj + and applying ( [2.48 ) we get back Proposition [4.7| with E v replaced by th e sy mmetric Macdonald 
polynomial P K . Restraining A to be a non-negative integer we can use Lemma 4.5 to transform (4.41) 
into a generalisation of the g-Selberg integral. 



Proposition 4.8 



n 



dqSiS^ 



(q a + b + 1 S t ;q) c 



g,t) J] «? A (?-;?) a A 



r„£c+A(n — 1)1 "■ i-i 



-l {qsi\q) c 



(q a + b + 1 s l ;q) c 



.JJ a? A (g l-A£i. g)aA (442) 



Proo/. Apply ( |4.24| ) to ( |4.41[ ) and write 

W( S ) = (_l)A»(T.-D/a g »(r.-l)A(A-l)/4 ^JJs"^"- 1 ) ] J] s f ( g l 

Then let x = -6 - X(n - 1), y = a + b + 1. 



<?)2A 



(4.43) 



□ 



The above derivation of Proposition 4.8 has some further consequences in relation to the general 
theory. First, it allows new derivations of the g-Morris identity and the g-Selberg integral. 



r g [l + o + 6 + A(i-l)]r,[l + At] 



Proposition 4.9 |§ 

CT [T\(xi;q) a ( — ; q) b W{x) \= — 

Xi J Tg[l + a + X(i - l)\T q [l + b + X(t - l)\T q [l + X\ 

Proof. Letting r\ — in ( 4.22| ) and using ( 2.20 ) we have 



(4.44) 



ct ( f[(xM^ q ) b w( x )) = q^ E \q,t)f[^~ a -^ - i)ir,[-6- A(i - 1)] 



lr,[-a-6-A(*-l)]r,[-A(i-l)] 
The g-Morris identity ( 4.44 ) is then obtained by using the properties ( |i.3l| ), ( 4.32 ) and the evaluation 



(4.45) 



A/fV) 



r g [An + l] 

r,[A + i]" 



(4.46) 



□ 



The g-Selberg integral can be evaluated as in JtJ by applying Lemma 4.5 to the g-Morris identity and 
making some manipulations. 



Proposition 4.10 |§ 

n r i 



n 



-i (qsi;q)c 



(q a + b + 1 s i ;q) c 



n^(* 1_A2 f;ff)« 



(3)+2A 2 (S) fr r,[s + \(i - l)]T q [y + X(i - l)]r g [l + Xi] 
*■_} T g [ a; + 2 / + A(n + z-2)]r g [A + l] 



(4.47) 



We can use (4.47) to simplify Proposition 4.8 
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Proposition 4.11 



n 



x-1 



a+b+l , 



;?)c 



1<J 



r 9 [A« + 1] T q [x + A(n + t?+] T q [y + A(n - »)] 



1,1 \y r,[A + l]r 9 [s + i, + A(2n 



(4.48) 



This formula is a generalisation of the integration formula of Kadell |13[ and Kaneko jL4| . The formula of 
Jli] can be reclaimed by multiplying both sides of ( 4.4S| ) by d' ri +(q,t)/d' ri (q,t) and summing over distinct 
permutations of k = rj + using ( |2.60| ). 



The second consequence of the derivation of Proposition 4.8 is that it allows us to calculate the 
normalisation constant u v (q,t) appearing in (3.1). 

Proposition 4.12 pD 



u v (q,t) 



d'r,(q,t) 
d n (q,t) 



(4.49) 



Proof. Using ( |2.2l| ), (Q, ( |3.22D and ^(cr) = c^-E^a:) we obtain u n (g,f) = d' ri (q,t)/d v (q,t) for 
A € Z>o- Since both sides of this expression can be written as formal power series in q and t if < q, t < 1, 
we can apply Lemma 3.6 to show that this result is true for all A > 0. □ 



5 Symmetric Macdonald Polynomial Theory 



In this section we will deduce analogues of Propositions 3.1 — 3.5 and Proposition 4.12 for the symmetric 
Macdonald polynomials. This will be done by exploiting the relationships between the symmetric, q- 
antisymmetric and non-symmetric Macdonald polynomials. 



In order to deduce the analogue of Proposition 3.1 we need to derive the following two results. The 



first reveals the relationship between the symmetric and q- antisymmetric Macdonald polynomials. 
Lemma 5.1 

S K+5 (x;q,t) =t- Ilil} r 11 A t (x)P K (x- 1 q,qt) (5.1) 
Proof. KadelPs Lemma [ fl3| gives for any antisymmetric function h(x) 

n\ 

<■<] I V<j 



CT Y[(xi - ax 3 )h(x) = ^— j-CT JJfc - Xj )h(x) (5.2) 



Consider 



CT Y[( Xi - \: 

\i<3 



where 



{A t (x)P K (x;q,qt),A t (x)P x (x;q,qt)) q , t = CT \Ux i --x j )h(x) (5.3) 



h(x) := [](- - -)(A q)x(q%q)xP K (x; q, qt)P X {-- -) (5.4) 

. Xi X j X j Xi X CjTj 



is an antisymmetric polynomial. 



Applying KadelPs Lemma twice to the left hand side of ( |5.3| ) gives 

txj)h(x) ) (5.5) 

\i<3 



(A t {x)P K {x;q,qt),A t (x)P x (x;q,qt)) q , t = TTT CT f II ~~ qta 



x P K (x;q,qt),P\(x;q,qt)) qtqt (5.6) 

l n \tq- 



i | \P K (x;q,qt),P K (x;q,qt)) qjqt S K x (5.7) 

n \tq- 
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The polynomials t x ^ 2 A t (x)P K ,(x; q, qt) then form an orth ogonal set with respect to (■, -) q ,t- Since 
they also satisfy ( 2.46 ) with leading term m' K+ $ wc obtain (5.1). □ 

For the second result define an equivalence relationship ~ such that 

f(x)~g{x) iff f{x)—g[x)='S^x nW where all the 77 W have repeated parts. (5.8) 



Note that if f(x)~g(x) then it follows from (2.38) that U f[x) = U g{x). The sought identity is a 
partial confirmation of a ^-generalisation of the Cauchy double alternant formula. 

Lemma 5.2 



U 



_(*) 



(n 1 n ] 

n i _ tx lVl n i 
1=1 a ]<l 



1-XiVj \ F(y)A t (x) 



tx iVj ) U7A 1 - tx iyj) 



(5.9) 



where F(y) ~ A t -i (y). 

Remark. We shall see later ( 5.5EQ that F(y) = A t -i(y). 
Proof. We shall first show that 

A t (y)^(-1)"<"- 1 )/ 2 ^(-i)K-y-i 



where for the permutation er = (cr(l), • ■ • , c(n)) 



„ff-l ._ - ,,"-1 ,,0 



It is clear that the only terms of A t (y) with non-repeating parts are 1 }. 



(5.10) 



(5-11) 



(5.12) 



a£S„ 



Also, given a permutation a, we can write 

/ 

n 

n(*»*-*j)~(-i) n(B - i)/a ii 



\fe^(T-i(n),... ,o— 



/ 



n 



\kji(r- 1 (n),... ,(7 ^ 



(j/fc - t y<T -i {l) ) 

(5.13) 



It is then apparent that the coefficient of 7/°" — 1 is 

n 

aa — (_l)n(«-l)/2TT(_^(n-o-- 1 (i)-#{j:o-- 1 (i)<o-- 1 (i),i<j}) 
i=l 

_ (•_ 1 w(n-l)/2/_ i \n(n-l)/2-#{(i,j):o-(i)<ff(j),i<i} 
= (-l)™( n ^ 1 )/ 2 (-t)'( ,T ) 

so ( |5.10D follows. 

Let us now consider the left hand side of (|5.9|). We can write 



(5.14) 



n — - — ft- 

11 l-txm 11 1 



1 - 



where 



<?(«) = 



1 s > 
s < 



(5.15) 



(5.16) 
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(5.17) 



Since symmetric functions commute with U the left hand side of (5.9) can be written 

For the power series / = J2 V c v xV I 3 ^]/ denote c v . Since the only terms of n»=£j(l ~ t e ^~^ x iVj) with 
x v having non-repeating parts are we have 



u- ix) n(i-t 



In the second line we have used the properties ( 2.37 ) and ( 2.39 ). 

We need to determine [x' 7-1 ] 11^(1 ~t ^EiUj) U P to equivalence under ~ y , which means finding 
the coefficient of x' 7 ^ 1 neglecting any y v terms with repeated parts. This coefficient must be a linear 
combination of %f _1 with a' € S n . Write 



J|(l-i e(j l) x l y ) = {l-x IJ -i {n) y 1 )...(l-x a -i {n) y a -i {n) ^ 1 )(l-tx a -i {n) y„-i {n)+1 )... 



It is clear that the coefficient of 



(1 - tav-i (n) y„) J] (1 - tW-QxiV,) 

i^j, C7 _1 (n) 



(5.19) 



o--i(i) must be a linear combination of y 11 with 
?7j > 1 for all j except j = a~ l (n). Hence the coefficient of x' 7-1 must be a linear combination of y v with 
7 7o-- 1 (n) — 0- Continuing in this vein we reach the conclusion that the coefficient of a;* 7-1 up to equivalence 
under ~^ is a scalar multiple of y— ~ . Hence 



[x°- 1 ] J](l - W-^XiVi) S [x^y^ 1 ] t°U »x iyj ) y^ 1 

= (— l)"( n_1 )/ 2 f" _0 '~ 1 (") x £™- <J ~ 1 (™- 1 )- 6 '( cr ~ 1 (™)-<''~ 1 (™-l)) 



= (-t)«(«-i)/2 t -i(2i) y 2-i (5.20) 

The stated result now fol lows after substituting ( 5.2C ) into ( 5.18 ), making use of ( |5.10 ), and substituting 
the resulting identity in (5.17). □ 



We can now give a new derivation of the symmetric analogue of Proposition . 
Proposition 5.3 ]2(| We have 

1 n 1 

U{x,y;q,t) = P K (x;q,t)P K (y;q,t), U(x,y;q,t) : = TT (5.21) 

^V K {q,t) ^ (x i y j ;q) x 



for scalars v K (q,t) independent of n. 



Proof. To derive Q5.21| ) we apply U- (x) followed by lJ- [y) \ t _> t -i to both sides of flOp . Write 



(v) 



It, It, ^ I !> -. 



i - ^i^j 



(5.22) 



Applying U ^ to the left hand side of (3.1) and using Lemma pT2| we get 



-0*0 



U~ y 'Q{x, y; q, t) = F(y) A t (x)U{x, y; q, qt) 



(5.23) 
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Noting that U U = [n] t -i \ U and using ( 2.39 ) we have 



U- W \t^-i F(y) = U- [v) \ t ^ A t -i(y) = [n] t l A t -,(y) 



So applying U ^\ t ^ t -i to (5.23) we obtain 



U- (v) \ t ^ t -i U- (x) Q(x, y- q, t) = [n] t ! A t (x) A t -i {y)TL{x, y; q, qt) 



(5.24) 



(5.25) 



Applying U \ t _^ t -iU now to the right hand side of (3.1) and using ([2.47 ) and Lemma 5.1 gives 



—TlS U ~ iX) E P& «' *) U- (y) \ t ^t-iE p {y- q-\t- X ) 



E 



* Pp{q,t)p p (q ,t ) 1 1 

— - A t {x)P p +_ s [x;q,qt) A t -i(y)P p +_ s (x; -, — ) 5.26) 

u p {q,t) q qt 



where the * denotes that the sum is restricted to p with distinct parts. Equating (5.25) and (5.26), 
using ( [2.55| ) and letting qt i— > t we obtain (5.21). The stability property of the symmetric Macdonald 
polynomials pOJ 



P K (xi, . . . ,x n ^i,0;q,t) = 



P K (x\, . . . ,x n -\;q,t) length(«) < n - 1 







else 



(5.27) 



applied to ( 5.21 ) shows that the v K (q,t) are independent of n. 
Define the polynomials g K (x;q,t) by Q 

II(aj, y; q, t) := ^ 9k{x; q, t)m K {y) 



□ 



(5.28) 



Corollary 5.4 cf. [f20| , p310-ll,313] Define an scalar product by (P K (x; q,t), P^(x; q,t)) g := v K (q,t)5p K . 
We have 

(g fl (x;q,t),m K (x)) g = Sf, K (5.29) 
and hence the gn(x;q,t) are a basis for the multivariable polynomials with coefficients in Q(q,t). 



Proof. Similar to the proof of Corollary 3.2 



□ 



In order to proceed further with the development of the symmetric theory we require the following 
symmetrization formulas. 

Lemma 5.5 Let r] R := (r] + ) and fj := fj(rj) := ff{i : r\i = j}. Then 



1)1 1 

a) P v+ (a;; q, t) = t^M/J JJ ^^u+e^ (x; Qj t) 

j=0 Ujh- 1 - 

b) S v+ (x;q,t) = {-l) n ( n - l V 2 U-E vR (x;q,t) 



(5.30) 



(5.31) 



Remark. Using the theory of the symmetric Macdonald polynomials Baker and Forrester |5[ (5. 8), (5. 18)] 
have derived a more general formula for the constant relating U + E r} and P v + . Their expression is not in 
the same form as ( |5.30 ), although they can be shown to be equal using the first equality of ( 5.36| ). 



Proof. We shall only consider (a) as the proof of (b) is similar. From the triangular structure of E v r (x; q, t) 

U + E vR {x;q,t) = U + x vR + Y a v m v (x) (5.32) 



v<tp 
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From ( [2.43| ) we know that U + E v r is a scalar multiple of P n +. To find the scalar multiple we need to 

determine [77^+ ] U + x ri . Suppose a = Si x . . . Si p is the reduced decomposition of the permutation a. For 
all k = 1 , . . . , p 



(s ik+1 . . . s lp r] R ) k < (s lk+1 . . . s ip r] R ) k+1 
From the action of Tj ( |3.7| ) we then have 



(5.33) 
(5.34) 



n 



It follows that 



T °^ R = E <((CT)= E * IC£) = i ii(n ^ 1)/2 E 



crrj^—jp 



vt 



crrj^—r] 1 



= t « (n -i)/ 2 j-j j2 t- l & =t« n - 1 V 2 '[[[f j ]t 



(5.35) 



]=0aeS f] 



Since U + x v is symmetric this shows that the coefficient of m„+ in U + x v is given by the right hand 
side of (5.35) as required by (5.30). □ 



We can now deduce the symmetric analogue of Proposition 3.S. 
Proposition 5.6 pi 



where 



p (f s. n « _ tl{vR) N«-i! 

rj% [/-] t _i! <VH9> *J h r) +(q,t) 



(5.36) 



(5.37) 



Proof. Applying Lemma 5.5(a) we have 



£-n(ra-l)/2 

p„+(t s ;?,t) = — E (^VO*; 



Using ( |3.9[) we obtain 



n£ [/i]*-! 



-E v n{t^q,t) 



(5.38) 



(5.39) 



Since i~" ( ™~ 1)/2 E CTe s„ ^ = Ea e s„ = W*- l! we obtain the first equality in fl5.36|) by using 
Proposition |3~3[ . 

The second equality follows immediately from the identities 



[n] t \ e v n{q,t) _ b v +(q,t) 



(5.40) 



For the first identity we use (2.21) and (4.31) to obtain 



i ™ 



?7i + n - i + l]t 



^ n [A-V+n-* + l] 4 



(5.41) 

(5.42) 
(5.43) 
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It suffices then to show that 



d v n{q,t) 



hrj+ (g) t) _ 

wLim ~ n?=/ o(7?) [A-v +n-i+i] 



(5.44) 



This is an easy consequence of a natural q-generalisation of the argument used in Q to prove the corre- 
sponding identity in the Jack polynomial theory 

We now turn to the second identity. Noting that , , = £ m ( m ~ x )/ 2 we have 



[mj t _i! 



,L_,!ll r/,Li ~ J 



-E;ia/j(/j-l)/2 



It follows from Lemma 2.1 that 



*(»?*)= i(<T)+lfa+) 



(5.45) 



(5.46) 



where a is the permutation of minimum length for which rj + = a(r\ ). Since the minimum such length 
is 1(a) = n(n - l)/2 - £j£ - l)/2 we obtain jOl] ). 



□ 



Proposition 5.7 |2(J Let Mi P \q,t) :— (P K (x; q,t), P K (x; q,t)} g< t. With ?/+ = k we have 

[n] t ! <f ,,+ (<?, t) e^i? (q, t) _ b n + (q, t) dl '„+ (<?, t) 

Proof. We have 

(U + E ri n 1 U + E ri n.) q . t = ([/+ 'E v R,T a E v R) q j = ^ (T a : 1 U + 'E v R,E v R) q>1 



(5.47) 



crGS„ 



er£S„ 



^ t- l ^(U + E v n,E riR )^ t = [njt-x (U+E v r,E v r) 



q,t 



(5.48) 



In the second equality we have used the fact that 1 is the adjoint operator of X"i while in the third 

equality we have used ( 2.35| ). Multiplying each side of (5.48) by 172=0 Vl/j'lt'I/j]*- 1 ■ anal using Proposition 
5.5 we obtain 



f n(n-l)/2 W^!! 
(P r( + , P„+)q,t = + (P v + , E v li) q j 

Using ( [2.48 ) and the orthogonality of the non-symmetric Macdonald polynomials we get 

[n] t \ d' v +(q,t) 



(P v + , P n + ) 



q.t 



{E v R,E v R)q tt 



(5.49) 



(5.50) 



Dividing each side by A ffj P ^ (q, t) — A/q ((?,£) and using Proposition 3.4 we obtain the equality on the 
right hand side of ( 5.47 ). The second identity follows from using the identity ( 5.4C ). □ 

It remains to establish the analogue of Proposition 3.5 and to specify the constant v K (q, t) appearing 
in Proposition |5.3| . We proceed as in the derivation of Proposition |3.5| using fl5.2l| ), ( j5~36| ) and the identity 



V [g ' t ) = Jl{r,+)+l' (y + )-(n-l)\n\) V (g' f ) 



We obtain 



- 1 

TT 1 =Y- 

fj[ (Xi;q)r + v v+ (q, t)h n + (q, t) 



h v + (q, t) 
P v + (x; q, t) 



(5.51) 



(5.52) 



Now substituting ( [2.48] ) for P rj + and comparing the results with (3.20) we can read off the value of 
v v +(q,t). 
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Proposition 5.8 



v K {q,t) 



d' K {q,t) 



(5.53) 



h K (q,t) 

Substituting this result back into .52 ) we obtain the q- binomial theorem involving the symmetric 
Macdonald polynomials. 

Proposition 5.9 Q 

n 1 = \ - _k% 



d' K (q,t) 



P K (x;q,t) 



(5.54) 



^ (^;g)r 

To tie things up we shall prove that F(y) appearing in ( |5.9| ) is equal to A t -i(y) and hence derive a 
g-generalisation of the Cauchy double alternant formula. The derivation will also yield the value of the 
constant f3 n (q,t) appearing in (2.47). 

Lemma 5.10 



a) 



F(y)=A t - 1 (y) 



d n +(q,t)d\ v +_ &] (q,qt) 



(5.55) 
(5.56) 



Proof. As in the proof of Proposition 5.2 apply U~ t o (13. 1 |) and cancel the factor A t (x) from the 
resulting expression. Substituting the right hand side of (|3.1| ) with t — > qt, using ( 2.55 ) and multiplying 
by A t -i(y), we obtain 

1 11 * t n ( n ~ 1 )/ 2 /5 (at) 11 

*W E ^I) 9 ' ^ ^ {V)P * {m ?7t } = ^ iV) ^ U v (qT ^ * qt) ^ ? 1 ] 

(5.57) 

we can write 



Using (5.1) and (2, 



A H (^(y;-^) = t" ( "- 1)/2 EH lw , , 
? it hi d n+(^V 



1 1, 



cr£S„ 



q 1 



(5.58) 



Substituting into the left hand side of ( 5.57 ) and equating the coefficients of P K (y; ~, i) we obtain for r] 
with no repeated parts 



F(y) £ 



(-t) ,w «W)(M) 



Let ~ be the linear operator such that 



ff£S„ 



r — S CT(T , + ) y; -, - (5.59) 



H has no repeated parts 
else 



(5.60) 



Apply this operator to (5.59). Since F(y) — A t -i(y), equating the coefficients of the linearly independent 
{A t -i (y)E a(v+) (y; q- 1 , t' 1 )} results in 



0a( v +)(q,t) = (-t) 



;(o .) d <?(v+)(q> j) 



Substituting back into ( 5.59| ) we obtain (|5.55| ). To obtain j5.56|) we simplify (|5.6l|) using the identity 



(5.61) 



d v+ (q,t) do-(,+ )(-, 7) 



d < j( v +){q,t)d v +(-, j) 



(5.62) 



□ 



Remark. The expression for the constant /3 CT ( I) +) (<?, £) in Lemma 5.10 can be simplified using a natural 
g-generalisation of the argument in || . The simplification gives 



P<r(r,+) (.9) *) - (-1) ^-77 



(5.63) 
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